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Ci • Abstract 

,._^ . Quantuiu mechanics is based on a series of postulates which lead to 

-^' a very good description of the microphysical realm but which have, up 

to now, not been derived from first principles. In the present work, we 
suggest such a derivation in the framework of the theory of scale relativity. 
After having analyzed the actual status of the various postulates, rules 
^ , and principles that underlie the present axiomatic foundation of quan- 

tum mechanics (in terms of main postulates, secondary rules and derived 
I 'principles'), we attempt to provide the reader with an exhaustive view of 

^isi , the matter, by both gathering here results which are already available in 

the literature, and deriving new ones which complete the postulate list. 

^ ■ 1 Introduction 

Quantum mechanics is a very powerful theory which has led to an accurate de- 
scription of the micro-physical mechanisms. It is founded on a set of postulates 

«2j ' from which the main processes pertaining to its application domain are derived. 

C^ I A challenging issue in physics is therefore to exhibit the underlying principles 

from which these postulates might emerge. 

The theory of scale relativity consists of generalizing to scale transforma- 
tions the principle of relativity, which has been applied by Einstein to motion 
laws. It is based on the giving up of the assumption of spacetime coordinate 
differentiability, which is usually retained as an implicit hypothesis in current 
physics. Even though this hypothesis can be considered as mostly valid in the 
classical domain (except possibly at some singularities), it is clearly broken by 
the quantum-mechanical behavior. It has indeed been pointed out by Feynman 
(see, e.g., [1]) that the typical paths of quantum mechanics are continuous but 
nondifferentiable. Even more, Abott and Wise 12 have observed that these 



typical paths arc of fractal dimension Dp = 2. This is the reason why we pro- 
pose that the scale relativity first principles, based on continuity and giving up 
of the differentiability hypothesis of the coordinate map, be retained as good 
candidates for the founding of the quantum-mechanical postulates. We want 
to stress here that, even if coordinate differentiabilty is recovered in the classi- 
cal domain, nondifferentiability is a fundamental property of the geometry that 
underlies the quantum realm. 

To deal with the scale relativistic construction, one generally begins with 
a study of pure scale laws, i. e., with the description of the scale dependence 
of fractal paths at a given point of space (spacetime). Structures are therefore 
identified, which evolve in a so-called 'scale space' that can be described at 
the different levels of relativistic theories (Galilean, special relativistic, general 
relativistic) [3]. The next step, which we consider here, consists of studying the 
effects on motion in standard space that are induced by these internal fractal 
structures. 

Scale relativity, when it is applied to microphysics, allows to recover quantum 
mechanics as a non-classical mechanics on a nondifferentiable, therefore fractal, 
spacetime [3J H] . Since we want to limit our study to the basic postulates of 
nonrelativistic quantum mechanics (first quantization), we focus our attention 
on fractal power law dilations with a constant fractal dimension Dp = 2, which 
means to work in the framework of 'Galilean' scale relativity |3j. 

Now, we come to a rather subtle issue. What is the set of postulates needed 
to completely describe the quantum-mechanical theory? It is all the more tricky 
to answer this question that some of the postulates usually presented as such in 
the literature can be derived from others. We have therefore been led to analyse 
their status in more detail, then to split the set of 'postulates' and 'principles' 
of standard quantum mechanics into three subsets listed in section [2] main 
postulates, secondary ones and derived principles. 

In sections |3HH1 only the 'main postulates' are derived in the framework of 
scale relativity since the others are mere consequences of these main ones. We 
explore some miscellaneous related issues in section [71 Section [S] is devoted to 
the discussion and section [9] to the conclusion. 

2 The postulates of quantum mechanics 

In the present paper, we examine the postulates listed below. They are for- 
mulated within a coordinate realization of the state function, since it is in this 
representation that their scale relativistic derivation is the most straightforward. 
Their momentum realization can be obtained by the same Fourier transforms 
which are used in standard quantum mechanics, as well as the Dirac representa- 
tion, which is another mathematical formulation of the same theory, can follow 
from the definition of the wavefunctions as vectors of an Hilbert space upon 
which act Hermitian operators representing the observables corresponding to 
classical dynamical quantities. 

The set of statements we find in the literature as 'postulates' or 'principles' 
can be split into three subsets: the main postulates which cannot be derived from 
more fundamental ones, the secondary postulates which are often presented as 
'postulates' but can actually be derived from the main ones, and then statements 
often called 'principles' which are well known to be as mere consequences of the 
postulates. 

2.1 Main postulates 

1. Complex state function. Each physical system is described by a state 



function which determines aU can be known about the system. The co- 
ordinate reahzation of this state function, the wavefunction ip(r,s,t), is 
an equivalence class of complex functions of all the classical degrees of 
freedom generically noted r, of the time t and of any additional degrees of 
freedom such as spin s which are considered to be intrinsically quantum 
mechanical. Two wave functions represent the same state if they differ 
only by a phase factor (this part of the 'postulate' can be derived from 
the Born postulate, since, in this interpretation, probabilities are defined 
by the squared norm of the complex wavefunction and therefore the two 
wavefunctions differing only by a phase factor represent the same state). 
The wavefunction has to be finite and single valued throughout position 
space, and furthermore, it must also be a continuous and continuously 
differentiable function (but see [Hl[7] on this last point). 

2. Schrodinger equation. The time evolution of the wavefunction of a non- 
relativistic physical system is given by the time-dependent Schrodinger 
equation 

ih^ = H^ , (1) 

where the Hamiltonian H is a linear Hermitian operator, whose expression 
is constructed from the correspondence principle. 

3. Correspondence principle. To every dynamical variable of classical me- 
chanics there corresponds in quantum mechanics a linear, Hermitian op- 
erator, which, when operating upon the wavefunction associated with a 
definite value of that observable (the eigenstate associated to a definite 
eigenvalue), yields this value times the wavefunction. The more common 
operators occuring in quantum mechanics for a single particle are listed 
below and are constructed using the position and momentum operators. 

Position r{x, y, z) Multiply by r(x, y, z) 

Momentum p{px,Py,Pz) ~iK\/ 

Kinetic energy T=^ -#^A 

Potential energy <^{r) Multiply by <^{r) 

Total energy E = T + ^ ih§-^ = $(r) - |^ A 

Angular momentum {lx,ly,lz) —ihrxV 

More generally, the operator associated with the observable A which de- 
scribes a classically defined physical variable is obtained by replacing in 
the 'properly symmetrized' expression of this variable the above operators 
for r and p. This symmetrization rule is added to ensure that the oper- 
ators are Hermitian and therefore that the measurement results are real 
numbers. 

However, the symmetrization (or Hermitization) recipe is not unique. As 
an example, the quantum-mechanical analogue of the classical product 
(px)^ can be either (p^x^ + x'^p'^)/2 or [{xp + px)/2]'^ 8 . The different 
choices yield corrections of the order of some h power and, in the end, 
it is the experiments that decide which is the correct operator. This is 
clearly one of the main weaknesses of the axiomatic foundation of quantum 
mechanics [S], since the ambiguity begins with second orders, and therefore 
concerns the construction of the Hamiltonian itself. 

4. Von Neumann's postulate. If a measurement of the observable A yields 
some value a^, the wavefunction of the system just after the measurement 
is the corresponding eigenstate ipi (in the case that Oi is degenerate, the 
wavefunction is the projection of ip onto the degenerate subspace). 



Bom's postulate: probabilistic interpretation of the wavefunction. The 
squared norm of the wavefunction \ip\'^ is interpreted as the probability 
of the system of having values (r, s) at time t. This interpretation re- 
quires that the sum of the contributions \ip\'^ for all values of (r, s) at 
time t be finite, i. e., the physically acceptable wavefunctions are square 
integrable. More specifically, if V'('', s,t) is the wavefunction of a single 
particle, V'*(^: s, t)'ip{r, s, t)dr is the probability that the particle lies in the 
volume element dr located at r at time t. Because of this interpretation 
and since the probability of finding a single particle somewhere is 1, the 
wavefunction of this particle must fulfill the normalization condition 

^p*{r,s,t)^{r,s,t)dr = l. (2) 



2.2 Secondary postulates 

One can find in the literature other statements which are often presented as 
'postulates' but which are mere consequences of the above five 'main' postulates. 
We examine below some of them and show how we can derive them from these 
'main' postulates. 

1. Superposition principle. Quantum superposition is the application of the 
superposition principle to quantum mechanics. It states that a linear com- 
bination of state functions of a given physical system is a state function 
of this system. This principle follows from the linearity of the H opera- 
tor in the Schrodinger equation, which is therefore a linear second order 
differential equation to which this principle applies. 

2. Eigenvalues and eigenf unctions. Any measurement of an observable A 
will give as a result one of the eigenvalues a of the associated operator A, 
which satisfy the equation 

Aijj = a^p . (3) 

Proof: The correspondence principle allows us to associate to every ob- 
servable a Hermitian operator acting on the wavefunction. Since these 
operators are Hermitian, their eigenvalues are real numbers, and such is 
the result of any measurement. This is a sufficient condition to state that 
any measurement of an observable A will give as a result one of the eigen- 
values a of the associated operator A. Now, we need to prove it is also a 
necessary condition. 

We consider first the Hamiltonian operator, assuming that the classical 
definition of its kinetic energy part involves only terms which are quadratic 
in the velocity. The Schrodinger equation reads 

ih^ = H^ . (4) 

Let us limit ourselves to the case when the potential $ is everywhere 
zero (free particle). For simplification purpose, we ignore also here the 
dependence on s of the state function. Equation (j4]) becomes 

d h^ 

in—iPir,t)^- — Aij{r,t). (5) 

This differential equation has solutions of the kind 

i^ir, t) ^ Ce'('^-'-'^*) , (6) 



where C is a constant and k and uj verify 

2m 



(7) 



We apply now to the expression of tp in equation ^ the operators P = 
—ihV and E = ihd/dt and we obtain 

Pi!{r, t) = -ihVipir, t) = hkip{r, t) , (8) 

and 

ExP{r, t) = ihg-^^ir, t) = hiu^ir, t) . (9) 

An inspection of equations ©-(O shows that the eigenvalues hk of P and 
IvjJ of E are related in the same way as the momentum p and the energy 
E in classical physics, i. e., E = p'^/2m. Owing to the correspondence 
principle, we can therefore assimilate hk to a momentum p and hto to an 
energy E, thus recovering the de Broglie relation p = hk and the Einstein 
relation E = hio. Moreover, since equations ([S]) and (O can be rewritten 

PiP{r,t)^pi;{r,t) (10) 

and 

E^j{r,t) = E^j{r,t) , (11) 

we have shown that, in the case where the classical definition of the (free) 
Hamiltonian writes H — P^/2m, the measurement results of the P and E 
observables are eigenvalues of the corresponding Hermitian operators. 

As regards the position operator, this property is straightforward since the 
application of the correspondence principle implies that to r corresponds 
the operator 'multiply by r'. We therefore readily obtain 

R^^riP , (12) 

which implies that r is actually the eigenvalue of R obtained when mea- 
suring the position. 

Implementing the correspondence principle, these results can be easily 
generalized to all other observables which are functions oi r, p and E. 

Expectation value. For a system described by a normalized wave function 
ip, the expectation value of an observable A is given by 

/oo 
iP*Ail;dr. (13) 

-oo 

This statement follows from the probabilistic interpretation attached to 
ip, i. e., from Born's postulate (for a demonstration see, e. g., |llj). 

Expansion in eigenf unctions. The set of eigenfunctions of an operator 
A forms a complete set of linearly independent functions. Therefore, an 
arbitrary state "0 can be expanded in the complete set of eigenfunctions 

oi A {Alpn = flnV-'n), i- 6., aS 

-ip = ^C„4>n , (14) 

n 

where the sum may go to infinity. For the case where the eigenvalue spec- 
trum is discrete and non-degenerate and where the system is in the nor- 
malized state "0, the probability of obtaining as a result of a measurement 



of A the eigenvalue a„ is |c„p. This statement can be straightforwardly 
generalized to the degenerate and continuous spectrum cases. 

Another more general expression of this postulate is 'an arbitrary wave 
function can be expanded in a complete orthonormal set of eigenfunctions 
ipn of a set of commuting operators An ■ It writes 

i> = ^Cntpn , (15) 

n 

while the statement of orthonormality is 

y^ / ■0n(f, S, t)^prn{r, S, t)dr = 5nm , (16) 

where 5„m is the Kronecker symbol. 

Proof: Hermitian operators are known to exhibit the two following prop- 
erties: (i) two eigenvectors of a Hermitian operator corresponding to two 
different eigenvalues are orthogonal, (ii) in an Hilbert space with finite 
dimension N , a Hermitian operator always possesses N eigenvectors that 
are linearly independent. This implies that, in such a finite dimensional 
space, it is always possible to construct a base with the eigenvectors of a 
Hermitian operator and to expand any wavefunction in this base. How- 
ever, when the Hilbert space is infinite this is not necessarily the case 
any more. This is the reason why one introduces the observable tool. An 
Hermitian operator is defined as an observable if its set of orthonormal 
eigenvectors is complete, i. e., determines a complete base for the Hilbert 
space (see, e. g., [TU]). 

The probabilistic interpretation attached to the wavefunction (Horn's pos- 
tulate) implies that, for a system described by a normalized wavefunction 
"0, the expectation value of an observable A is given by 

/•OO 

{A) = I i}*Ai}dr = {i:\A\il}) . (17) 



Expanding ij: m. a, complete eigenfunction set of A (or in a complete eigen- 
f unction set of commuting operators), V' — X^n ''"^"' where the c„'s are 
complex numbers, gives 



^n : 



m 71 m n n 

(18) 
since, from orthonormality, (V'mlV'ra) — ^mn- 
Assuming that tp is normalized, i. e., {tp\tp) = 1, we can write 

Y.\Cn\' = l. (19) 

n 

From the eigenvalue secondary postulate, the results of measurements of 
an observable A are the eigenvalues a„ of A. Since the average value 
obtained from series of measurements of a large number of identically 
prepared systems, i. e., all in the same state ^p, is the expectation value 
(A), we are led, following the Born postulate, to identify the quantity 

Pn = \Cn\^ = \{^Jnm\^ (20) 

with the probability that, in a given measurement of A, the value a„ would 
be obtained [TT] . 



To derive these results we have imphcitly included the degeneracy index 
in the summations. A generalization to a degenerate set of eigenvalues is 
straightforward, and such is the generalization to a continuous spectrum 

m- 

It is worth stressing here that this secondary postulate is readily derived 
from Born's postulate and the superposition principle which itself is a 
mere consequence of the linearity of the H operator and of the Schrodinger 
equation. Therefore it is not an actual founding postulate even if it is often 
presented as such in the hterature (see, e. g., [TU]). 

Probability conservation. The probability conservation is a consequence 
of the Hermitian property of H \W\ . This property first implies that the 
norm of the state function is time independent and it also implies a local 
probability conservation which can be written (e. g., for a single particle 
without spin and with normalized wavefunction ?/)) as 

^p(r,<)+divJ(r,t) = 0, (21) 



where 



J{r, t) = —Re 
m 



ip* ( -VV' 



(22) 



6. Reduction of the wave packet or projection hypothesis. This statement does 
not need to be postulated since it can be deduced from other postulates 
(see, e. g., |13jV It is actually implicitly contained in von Neumann's 
postulate. 

2.3 Derived principles 

7. Heisenberg's uncertainty principle. If P and Q are two conjugate observ- 
ables such that their commutator equals ih^ it is easy to show that their 
standard deviations AP and AQ satisfy the relation 

APAQ>^, (23) 

whatever the state function of the system [lOl [H] . This applies to any 
couple of linear (but not necessarily Hermitian) operators and, in partic- 
ular, to the couples of conjugate variables: position and momentum, time 
and energy. Moreover, generalized Heisenberg relations can be established 
for any couple of variables [12] . 

8. The spin- statistic theorem. When a system is composed of many identical 
particles, its physical states can only be described by state functions which 
are either completely antisymmetric (fermions) or completely symmetric 
(bosons) with respect to permutations of these particles, or, identically, 
by wavefunctions that change sign in a spatial reflection (fermions) or 
that remain unchanged in such a transformation (bosons). All half-spin 
particles are fermions and all integer-spin particles are bosons. 

Demonstrations of this theorem have been proposed in the framework of 
field quantum theory as originating from very general assumptions. The 
usual proof can be summarized as follows: one first shows that if one 
quantizes fermionic fields (which are related to half-integer spin parti- 
cles) with anticommutators one gets a consistent theory, while if one uses 
commutators, it is not the case; the exact opposite happens with bosonic 



fields (which correspond to integer spin particles), one has to quantize 
them with commutators instead of anticommutators, otherwise one gets 
an inconsistent theory. Then, one shows that the (anti)commutators are 
related to the (anti)symmetry of the wavefunctions in the exchange of two 
particles. However, this proof has been claimed to be incomplete [10] but 
more complete ones have been subsequently proposed [141 I15j . 

9. The Pauli exclusion principle. Two identical fermions cannot be in the 
same quantum state. This is a mere consequence of the spin-statistic 
theorem. 

Now, we come to the derivation from the scale relativity first principles of 
the five 'main' postulates listed in section 12.11 The other rules and principles 
which have been themselves shown to derive from these main postulates will be 
then automatically established. 

3 The complex state function 

For sake of simplification, we consider states which are only dependent on the 
position r and the time t. It can however be shown that the spin, which is an 
intrinsic property of quantum mechanical systems, also naturally arises in the 
scale relativistic framework [18l [39] , so that the various derivations can easily 
be generalized to more complex states. 

Scale relativity extends the founding stones of physics by giving up the hy- 
pothesis of spacetime differentiability, while retaining the continuity assumption. 
The manifolds can be C" instead of at least C^ in Einstein's general relativity. 
However, the coordinate transformations can be or cannot be differentiable and 
the scale relativity theory includes therefore general relativity and classical me- 
chanics since, as we shall recall, its basic description of infinitesimal displace- 
ments in spacetime is made in terms of the sum of a classical (differentiable) 
part and of a fractal (nondifferentiable) stochastic part. It must also be em- 
phasized that, here, the nondifferentiability means that one loses derivatives in 
their usual sense, but that one keeps the ability to define differential elements 
thanks to continuity. 

One of the main consequences of the nondifferentiable geometry, in the sim- 
plest case corresponding to non-relativistic motion, is that the concept of veloc- 
ity (which can be redefined in terms of divergent fractal functions) becomes two 
valued, implying a two valuedness of the Lagrange function and therefore of the 
action. Finally, the wavefunction is defined as a re-expression of the action, so 
that it is also two valued and therefore complex [31 [H [TH] . 

We briefly recall here the main steps of the construction of this wavefunction 
from an extension to scales of the relativity and geodesic principles, limiting our 
study to the simplest case of a nondifferentiable and therefore fractal 3-space, 
where the time t is not fractal but is retained as a curvilinear parameter. The 
generalization of this method to the four-dimensional spacetime with the proper 
time s as a curvilinear parameter allows one to recover spinors and the Dirac 
and Pauli equations [IHl El] , but we shall not detail this case in the present 
paper. 

A first consequence of the giving up of the differentiability assumption can 
be derived from the following fundamental theorem: A continuous and non- 
differentiable (or almost nowhere differentiable) curve is explicitly scale- dependent, 
and its length tends to infinity when the scale interval tends to zero [21 [H I16j . 
Since the generalization of this theorem to three (four) dimensions is straightfor- 
ward, we can say that a continuous and nondifferentiable space(time) is fractal, 
under the general meaning of scale divergence [17j . 
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Another consequence of the nondifFerentiable nature of space is the breaking 
of local differential time reflection invariance. The derivative with respect to 
the time t of a function / can be written twofold 

di ^ ^^^ fit + dt)-m ^ ^.^ m-fjt-dt) 

dt dt^o dt dt-*o dt 

Both definitions are equivalent in the differentiable case. In the nondifferen- 
tiable situation, these definitions fail, since the limits are no longer defined. In 
the framework of scale relativity, the physics is related to the behavior of the 
function during the 'zoom' operation on the time resolution St, here identified 
with the differential element dt, which is considered as an independent vari- 
able [T5]. The standard function f{t) is therefore replaced by a fractal function 
f{t,dt), explicitly dependent on the time resolution interval, whose derivative 
is undefined only at the unobservable limit dt — )■ 0. As a consequence, one is 
led to define the two derivatives of a fractal function as explicit functions of the 
two variables t and dt, 

r,it,dt)^\l^^±^^^^^i^^l^^] , (25) 

(26) 

where the only difference with the standard definition is that we still consider 
dt tending toward zero , but without going to the limit which is now undefined. 
In other words, instead of considering only what happens at the limit dt = 
as in the standard calculus, we consider the full and detailed way by which the 
function changes when dt becomes smaller and smaller. The two derivatives are 
transformed one into the other by the transformation di <-> —dt (local differential 
time reflection), which is an implicit discrete symmetry of differentiable physics. 
When one applies the above reasoning to the three space coordinates, gener- 
ically denoted X, one sees that the velocity 

y^dX^,,^Mt + dt)-Xit) 

dt dt^o dt 

is undefined. But it can be redefined in the manner of equations (j25p and (|26p as 
a couple of explicitly scale-dependent fractal functions V±{t, dt), whose existence 
is now ensured for any non-zero dt —^ 0, except at the unphysical limit dt = 0. 
The scale dependence of these functions suggests that the standard equations 
of physics be completed by new differential equations of scale. With this aim 
in view, one considers first the velocity at a given time t, which amounts to the 
simplified case of a mere fractal function V{dt). Then one writes the simplest 
possible equation for the variation of the velocity in terms of the scale variable 
dt, as a first order differential equation dV/d\ndt = /3{V) [3111]. Then Taylor 
expanding it, using the fact that F < 1 (in units c = 1), one obtains the solution 
as a sum of two terms, namely, a scale-independent, differentiable, 'classical' 
part and a divergent, explicitly scale-dependent, non-diffcrcntiable 'fractal' part 



V = V + w = V 



'^^'dt 



(28) 



where Dp is the fractal dimension of the path. This relation can be readily gen- 
eralized to coefficients v and a that are functions of other variables, in particular 
of the space and time coordinates. 

The transition scale r yields two distinct behaviors of the velocity depending 
on the resolution at which it is considered, since V ~ v when dt ^ t and V ~ w 



when dt <^ t. In the case when this description holds for a quantum particle of 
mass TO, T is related to the de Broglie scale of the system (r — h/mv^) and the 
explicit 'fractal' domain with the quantum domain. 

Now one does not deal here with a definite fractal function, for which the 
function a could be defined, but with fractal paths which are characterized 
by the only statement that they are the geodesies of a nondifferentiable space 
(we shall recall in what follows how the equation for these geodesies can be 
written). Such a space can be described as being everywhere singular [^, so 
that there is a full loss of information about position, angles and time along the 
paths, at all scales dt < t. In other words, this means that the geodesies of a 
nondifferentiable space are no longer deterministic. Such a loss of determinism, 
which is one of the main features of the quantum-mechanical realm, is not set 
here as a founding stone of the theory, but it is obtained as a manifestation on 
the paths of the nondifferentiable geometry of spacetime. 

As a consequence of this loss of determinism, the scaled fluctuation a is no 
longer defined. Therefore, it is described by a dimensionless stochastic variable 
which is normalized according to (a) = and (a^) = 1, where the mean is taken 
on the probability distribution of this variable. As we shall see, the subsequent 
development of the theory and its results do not depend at all on the choice of 
this probability distribution. This representation is therefore fully general and 
amounts simply to defining a proper normalization of the variables. 

The total loss of information at each time-step and at each scale of the 
elementary displacements in the nondifferentiable space has also another funda- 
mental consequence. It leads to a value Dp = 2 of the fractal dimension, which 
is known to be the Markovian value free of correlations or anticorrelations [IT] . 
Moreover one can show that Dp ~ 2 plays the role of a critical dimension, since 
for other values one still obtains a Schrodinger form for the equation of dynam- 
ics, but which keeps an explicit scale dependence [3]. Therefore, low energy 
quantum physics can be identified with the case where the fractal dimension of 
space paths is 2 (and relativistic quantum physics with the same fractal dimen- 
sion for spacetime paths 3, 5J), in agreement with Feynman's characterization 
of the asymptotic scaling quantum domain as w ex (dt/r)"^'^ [1]. 

However, this is not the last word, since the loss of determinism on a fractal 
space has still another fundamental consequence. Indeed, one can prove that 
the fractality and nondifferentiability of space imply that there is an infinity of 
fractal geodesies relating any couple of its points (or starting from any point) 
[21 [20], and this at all scales. Knowing that the infinite resolution 6x — 0,St = Q 
is considered as devoid of physical meaning in the scale relativity approach, it 
becomes therefore impossible and physically meaningless to define or to select 
only one geodesical line. Whatever the subsample considered for whatever small 
subset of space, time, or any other variable, the physical object (which, as we 
shall see, the wavefunction describes) remains a bundle made of an infinity of 
fractal geodesies. 

This is in accordance with Feynman's path integral formulation of quantum 
mechanics and with his characterization of the typical paths of a quantum- 
mechanical particle as being in infinite number, nondifferentiable and fractal 
(in modern words). But this also allows one to go farther, and to identify the 
'particles' themselves and their 'internal' properties with the geometrical proper- 
ties of the geodesic bundle corresponding to their state, according to the various 
conservative quantities that define them [31|3]. In other words, in the scale rel- 
ativity framework, one no longer needs to consider 'particles' that would follow 
trajectories described as geodesies of a given spacetime geometry (as in general 
relativity): the so-called 'particles' (i.e., a set of wavefunctions characterized by 
quantized conservative quantities which possibly change their repartition during 
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the time evolution) are identified with the geodesies themselves, and are there- 
fore considered as pure geometric and relative quantities, that do not exist in 
an absolute way. 

In order to account for the infinity of geodesies in the bundle, for their frac- 
tality and for the two valuedness of the derivative which all come from the 
nondifferentiable geometry of the spacetime continuum, one therefore adopts 
a generalized statistical fluid-like description where, instead of a classical de- 
terministic velocity V{t) or of a classical fluid velocity field V[x{t),t\, one uses 
a doublet of fractal functions of space coordinates and time which are also 
explicit functions of the resolution interval dt, namely, V-i-[x(t,dt),t,dt\ and 
V-[x{t,dt),t,dt]. 

According to equation (|28p . which can be easily generalized to this case, 
these two velocity fields can be in turn decomposed in terms of a 'classical' 
part, which is differentiable and independent of resolution, and of a 'fractal' 
part, V±[x(t,dt),t,dt] = v±[x{t),t] + w±[x(t,dt),t,dt]. There is no reason a 
priori for the two classical velocity fields to be equal. 

We thus see that, while, in standard mechanics, the concept of velocity 
was one valued, two velocity fields must be introduced even when going back 
to the classical domain. Therefore, reversing the sign of the time differential 
element, w+ becomes w_. A natural solution to this problem is to consider 
both {dt > 0) and {dt < 0) processes on the same footing and to combine 
them in a unique twin process in terms of which the invariance by reflection is 
recovered. The information needed to describe the system is therefore doubled 
with respect to the standard description. A simple and natural way to account 
for this doubling is to use complex numbers and the complex product to define 
a complex derivative operator [3] 

dt 2\dt dt ) 2\dt dt J ' ^ ' 

A detailed justification of the choice of complex numbers to account for this two 
valuedness has been given in [TH]. 

Now, following the expression obtained above for the velocity, one may write 
the elementary displacements for both processes as 

dX± = v±[x{t),t]dt + w±[x{t,dt),t,dt]dt , (30) 

i. e., as the sum of a 'classical' part, dx± = v± dt, and of a stochastic 
'fractal' part, d^±, fluctuating about this classical part and such that {d(,±) = 
and that 

(rf^±, d^±j) = ±2V (5y dt , (31) 

with i, j — X, y, z, namely, 

dX+ {t) =v+dt + d^+ (t) dX_ {t) =v^ dt + rf^_ (t) . (32) 

Applying the complex derivative operator of equation (j29p to this position vec- 
tor yields therefore a complex velocity. In the first works on the scale relativity 
derivation of the Schrodinger equation [3l [4] , only the classical part was consid- 
ered for this definition, owing to the fact that the fractal part is of zero mean. 
In more recent works [221 US) US] , a full complex velocity field has been defined, 

V = lx{t)=V + W=(^-±±^-^^-±^^) + (^^^±±^-^^''' 



dt ^ ' V2 2 J \ 2 2 

(33) 
which also contains the fractal divergent part. As we shall see, the various 
elements of the subsequent derivation remain valid in this case (in terms of 
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fractal functions) and one obtains in the end the same Schrodinger equation [261 
129] ■ but which now aUows nondifferentiable and fractal solutions, in agreement 
with 017]. 

As we shall show in section HI the transition from classical (differentiable) 
mechanics to the scale relativistic framework is implemented by replacing the 
standard time derivative d/dt by d/dt ^ .ISj (being aware, in this replacement, 
that it is a linear combination of first and second order derivatives (see equa- 
tion lP7|) ). in particular when using the Leibniz rule dUI^S]). This means that 
d/dt plays the role of a 'covariant derivative operator', i. e., of a tool that 
preserves the form invariance of the equations. 

The next step consists of constructing the wavefunction by generalizing the 
standard classical mechanics using this covariance (see section W?^ . A complex 
Lagrange function and the corresponding complex action are obtained from the 
classical Lagrange function L{x,v,t) and the classical action S by replacing d/dt 
by d/dt. The stationary action principle applied to this complex action yields 
generalized Euler-Lagrange equations [31 HH] . 

A complex wavefunction ip is then defined as another expression for the 
complex action S [U [18] , namely, 

V'-'V^ = ^V5 , (34) 

Do 

where 5*0 is a constant which is introduced for dimensional reasons, since S has 
the dimension of an angular momentum. The justification of the interpretation 
of this complex function as a wavefunction will be given in the following sections 
of this paper, where it will be shown to own all the properties verified by the 
wavefunction of quantum mechanics. 

4 The Schrodinger equation 

The next step is now the derivation of the Schrodinger equation. While, in the 
axiomatic foundation of quantum mechanics, it is often set as the last postulate, 
we shall see that it plays, in the scale relativity approach, a key role for the 
derivation of the other postulates. In such a geometric approach, it is derived 
as a geodesic equation. Only the main steps of the reasoning will be given here 
since the detailed derivations can be found in the literature O HI [181 1221 [Ml ■ 

4.1 Complex time-derivative operator 

A complex derivative operator, d/dt, has been defined by equation (I29p which, 
applied to the position vector, yields a complex velocity fequation (|55)) V 

In the case of a fractal dimension Dp = 2 considered here, the total derivative 
of a function / should be written up to the second order partial derivatives, 

(35) 

Actually, if only the 'classical part' of this expression is now considered, one 
can write (dX) = dx, so that the second term reduces to w.V/, and so that 
dXidXj/dt, which is infinitesimal in the standard differentiable case, reduces 
to {d£,i d^j)/dt. Therefore the last term of the 'classical part' of equation (pSjl 
amounts to a Laplacian, and the two-valued derivative reads 

"^^^ ^i-+Vi.W±VA)f. (36) 
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df , df dx, , 1 d^f dxdx, 




- — \ 1 


dt 


ot oxi dt 2 oxiOXj dt 



dt \dt 



Substituting equations p6p into equation (|29p , one finally obtains the expression 
for the complex time-derivative operator [5] 

This operator d/dt plays the role of a 'covariant derivative operator', namely, it 
is used to write the fundamental equation of dynamics under the same form it 
has in the classical and differentiable case. 

Under its above form, the covariant derivative operator is not itself fully 
covariant since it involves second order derivative terms while it is a first order 
time derivative. These second order terms imply that the Leibniz rule for a 
product is no longer the first order Leibniz rule [24] . but a linear combination 
of the first and second order rules [25' . 

The strong covariance can be fully implemented by introducing new tools 
allowing us to keep the form of the first order Leibniz rule, despite the presence 
of the second order derivatives [24l|25]. To this purpose, one defines a complex 
velocity operator [22 

V = V - WV. (38) 

When it is written in function of this operator, the covariant derivative recovers 
the standard first order form of the expression of a total derivative in terms of 
partial derivatives, namely, 

d d ^ 

^ = ^+V.V. (39) 

dt dt ^ ' 

More generally, one may define, for any function /, the operator [25j 

in terms of which the covariant derivatives of a product and of composed func- 
tions keep their first order forms. 

The covariant derivative operator given by equation (I39p is not yet fully 
general, since it acts on the classical parts of the various physical quantities, 
in particular of the velocity field. But, by defining a full velocity operator 

V = V — iPV, it can be generalized to the full complex velocity field as 

plus infinitesimal terms that vanish when dt — > [HI [H] . 

4.2 Lagrangian approach 

Standard classical mechanics can now be generalized using this covariance. Con- 
sidering motion in standard space, let us first retain only the 'classical parts' 
of the variables, which are differentiable and independent of resolutions. The 
effects of the internal nondifferentiable structures are contained in the covariant 
derivative. We assume that the 'classical part' of the mechanical system under 
consideration can be characterized by a Lagrange function C{x,V,t) (where x 
and V are three dimensional) , that keeps the usual form in terms of the complex 
velocity V and from which a complex action S is defined as 

S= f C{x,V,t)dt . (42) 
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Implementing a stationary action principle, generalized Euler-Lagrange equa- 
tions are obtained, that read [H [H] 

d dL dL 

Thanks to the transformation d/dt — > d/dt, they exhibit exactly their standard 
classical form. This reinforces the identification of the scale relativity tool with 
a 'quantum-covariant' representation. 

One may now use Noether's theorem and construct the conservative quanti- 
ties which find their origin in the spacetime symmetries. From the homogeneity 
of standard space a generalized complex momentum is defined as 

Considering the action as a functional of the upper limit of integration in the 
action integral, the variation of the action from a trajectory to another nearby 
trajectory yields a generalization of another well-known relation of standard 
mechanics, 

V^VS . (45) 

And from the uniformity of time, the energy (i. e., in terms of the coordinates 
and momenta, the Hamiltonian of the system) can be obtained. 

In the general case where the Lagrange function writes ('particle' in a scalar 
potential) 

/:=imV2-$, (47) 

the complex momentum V — dCjdV keeps its standard form, in terms of the 
complex velocity field, 

V ^mV , (48) 

and the complex velocity follows as 

V = V5/TO . (49) 

Concerning the generalized energy, its expression involves an additional term 
[l9l ?], namely, the Hamilton function writes 

n^-miy'^ -2iV divV) . (50) 

The origin of the additional energy is actually a direct consequence of the second 
order term in the covariant derivative [531 121] ■ 

For the Lagrangian of equation (jTZJ) . the Euler-Lagrange equations keep the 
form of Newton's fundamental equations of dynamics, 

TO— V = -V$, (51) 

dt 

which is now written in terms of complex variables and of a complex time- 
derivative operator. 

In the case where there is no external field, the strong covariance is explicit, 
since equation (|5ip takes the form of the equation of inertial motion, i. e., of a 
geodesic equation, 

^-- 
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This is one of the main resuhs of the scale relativity theory, since it means 
that, in its framework, there is no longer any conceptual separation between 
classical and quantum physics. The above equations of motion are both classical, 
when some of the new terms are absent, and quantum, when all the new terms 
are present (as we shall see from their integration in terms of a Schrodinger 
equation). However, such a recovered unity of representation does not mean 
that the quantum and classical realms are equivalent, since the nondifferentiable 
geometry does have radical effects that are irreducible to classical differentiable 
physics. 

The next step consists of skipping from a classical-type description tool and 
representation (in terms of geodesic velocity field and equation of dynamics) to 
the quantum tool and representation (in terms of wavefunction and Schi^odinger 
equation) by merely performing a change of variables. 

The complex wavefunction, i/), which has been introduced in equation 
as another expression for the complex action S, can also been written as 



^ 



JS/So 



(53) 



The real quantity Sq, which has been introduced for dimensional reasons, will 
be given below a physical meaning. From equation (j49p . one infers that the 
function t/j is related to the complex velocity as follows: 



V = -i — V(ln?A) 
m 



(54) 



All the mathematical tools needed to reformulate the fundamental equation of 
dynamics (equation (j5ip ) in terms of the new quantity "0 sue now available. 
This equation takes the form 



V$ = iSo 



d 

-Vln^- 



— (Vln^.V)(Vln^) 
ra 



X>A(Vln^) 



Using the remarkable identity [31 [35] 

: 2a V In i? . V(V In R) + A(V In R), 



a \ R"' 



for a = 5*0/2™!? and R — ip, one obtains, after some calculations, 



V$ = iSo V 



-—imp — I — ■ — 

dt ^ So V'" 



(55) 



(56) 



(57) 



Therefore, the right-hand side of the motion equation becomes a gradient what- 
ever the value of Sq. Furthermore, equation (|57p can be written as 



V$ ^ i2mVV 



dtlj°'/dt-iVAiP°' 



and it can be integrated under the form of a Schrodinger equation 

V^ AV-" + iV—ij" ~ — V'" = , 



dt 



2m 



(58) 



(59) 



Equation (|53p defining the wavefunction implies ■0" = e^'^^^"^^. Therefore, to 
identify ifi" with a wavefunction, tp, such as that defined in equation ([55]) the 
constant Sq must verify 

5*0 = 2mV , (60) 

which is nothing but a generalized Compton relation, to which a geometric 
interpretation is now provided. Indeed, the parameter V defines the amplitude 
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of the fractal fluctuations through the relation (d^^) = 2T>dt. But one may 
express this relation in a scale invariant way as ((d^/A)^) = cdt/X by introducing 
a length scale A. Therefore, one finds that the fractal fluctuation parameter 

defines actually a length scale 

21? , , 

A - — , 61 

c 

so that equation (|60p becomes A = So/mc. One recognizes in this relation 
the Compton relation in which the constant Sq can be fixed by microphysics 
experiments to the value h and which reads 

A = — . (62) 

mc 

Therefore, equation (|59p finally writes 

Alp + ih—tp = $V • (63) 

2to ot 

which is recognized as the time-dependent Schrodinger equation for a particle 
with mass m and wavefunction ■0 within a potential $. This result reinforces 
the interpretation of tp in terms of a wavefunction. 

With this general proof, we have therefore derived both a linear Schrodinger- 
type equation of which the complex function '0 is a solution and the Compton 
relation. 

This proof can be further generalized by accounting for all the terms, classical 
and fractal. This generalization is obtained by simply replacing the classical 
part of the complex velocity field V by the full velocity field V at each step 
of the proof. The successively defined physical quantities (Lagrange function, 
momentum, action, Hamiltonian, wavefunction) become scale-dependent fractal 
functions, and in the end one obtains the same Schrodinger equation, but which 
now allows fractal and nondifferentiable solutions. The possible existence of 
fractal wavefunctions in quantum mechanics had already been suggested by 
Berry [HE]- It is supported and derived in the scale relativity framework as a 
very manifestation of the nondifferentiability of spacetime [26] . 

Note also that a mathematical formulation of the above scale calculus leading 
to the establishment of the covariant derivative operator (scale operator) and to 
the derivation of the Schrodinger equation in this framework has been performed 
by Cresson and Ben Adda [H HOI [23 [M] ■ 

4.3 Hamiltonian approach 

The more general form of the Schrodinger equation, equation ([1]), can be recov- 
ered in the framework of a Hamilton-like mechanics, as wc shall now see. 

First integrate directly the Euler-Lagrange equations as an energy equation 
expressed in terms of the complex velocity field. For this, start again from the 
Euler-Lagrange equations of a particle in a scalar potential, equation ()5ip . in 
which the expression of the covariant derivative is expanded to obtain 

— + V.VV -- iPAV ] = -V$ . (64) 

Now, we know that the velocity field V is potential, since it writes V = WS/m. 
Thanks to this property, we have 
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mV.VV = V (^mV^ j , (66) 

- WAV = -iVV(y.V) . (67) 

Therefore, all the terms of the motion equation are gradients, so that one ob- 
tains, after integration, a prime integral of this equation, up to a constant which 
can be absorbed in a redefinition of the potential energy <&. This generalized 
Hamilton- Jacobi equation writes 

dS 

-g^ + n^o, (68) 

with the Hamilton (energy) function given by 

H = ^rnV^-imVW.V + <^ , (69) 

i. e., in terms of the complex momentum, 

H=- WV.V + ^. (70) 

2m 

Note that there is an additional potential energy term —iW .V in this expres- 
sion p51 m] . This means that the energy is affected by the nondifferentiable 
and fractal geometry at a very fundamental level, namely, at the level of its 
initial conceptual definition. This was not unexpected, owing to the fact that 
the scale relativity approach allows us to propose a foundation of quantum me- 
chanics, while the quantum realm is known since its discovery to have brought 
radical new features of the energy concept, such as the vacuum energy and its 
divergence in quantum field theories. 

It is easy to trace back the origin of this term. Namely, while the stan- 
dard V~ term comes from the V.V contribution in the covariant derivative, the 
additional potential energy —irriD divV comes from the second order deriva- 
tive contribution, iVA. A strongly covariant form of the Hamiltonian can be 
obtained by using the fully covariant form of the covariant derivative opera- 
tor, (equation (jS^ ). With this tool, the expression of the relation between the 
complex action and the complex Lagrange function reads 

C=?^ = ^ + V.VS. (71) 

dt dt ^ ' 

Since V = V5 and H = —dS/dt, one finally obtains for the generalized complex 
Hamilton function the same form it has in classical mechanics, namely, 

n = V.V-C. (72) 

This is an important new result, which means that a fully covariant form is 
obtained for the energy equation in terms of the velocity operator V. The addi- 
tional energy term is recovered from this expression by expanding the velocity 
operator, which gives H — V.V — iDV .V — C. 

Let us now replace the action in equation (j68p by its expression in terms 
of the wavefunction. We obtain a Hamilton form for the motion equation that 
reads 



7i;V'= -mV^-imPV.V + ^l ?A = 2JmX'— - . (73) 

However, this is not yet the quantum-mechanical equation, since Tiip is a mere 
product. In order to complete the proof, we need to show that Tiip — Hip, 
where H is the standard Hamiltonian operator. To this purpose, we replace the 
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complex velocity field by its expression V = — 2iI?Vln^, and we finally obtain 
a Schrodinger equation under the form 

HxP = 2imV^ , (74) 

where the Hamiltonian is given by 

H = -2mX>2A + $ , (75) 

as expected. By considering the standard quantum-mechanical case h ~ 2m'D, 
we obtain the usual form of the Schrodinger equation, 

th^=H^p. (76) 

5 Correspondence principle 

When inserting the value 5*0 = ^ in the expressions for V and ■0 given respec- 
tively by equations (|15| and ([55]) . one obtains 

V^p^-ihVij, (77) 

which gives, in operator terms, 

P = ^ihV. (78) 

The Hamiltonian operator has been found in section H751 to be given, in the 
quantum case where irnD — h, by 

This implies that the kinetic energy corresponds to the operator 

T^-^—A (80) 

As for the position vector r, it is present in the Schrodinger equation as an 
operator occurring in the definition of the potential ^(r,t) and acting on the 
wavefunction ■0 by multiplying it by its corresponding components {x, y, z) or 
(r, 9, 0), depending on the representation best adapted to the symmetries of the 
problem. 

We have therefore recovered the quantum-mechanical operators under their 
correct form, including in particular p^ -^ —h? A in the Hamiltonian, which is 
yet one of the ambiguous cases of standard quantum mechanics [5] . 

Moreover, as is well known, the operators —ihV and ihd/dt are Hermitian. 
This is a sufficient condition for these operators to have real eigenvalues. As 
regards the position operator, it is real, and therefore Hermitian too. These 
operators are linear and can therefore be shown to operate inside the Hilbert 
space of the wavefunctions (see, e. g., jlOj). In standard quantum mechan- 
ics, most operator expressions follow from those of P and i?, generalizing the 
correspondence derived for the energy to other dynamical variables. 

In standard quantum mechanics, the canonical commutation relations follow 
straightforwardly from the correspondence principle. The same relations are 
obtained here. Since the operators 'multiply by r' and V do not commute, we 
obtain from equation ([75|l 

[R^,Pj]=ih5,j . (81) 
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- TD^ 


AVP 






dP 


div{PV) = 


0. 





6 The von Neumann and Born postulates 

6.1 Fluid representation of geodesic equations 

We have given the above two representations of the Euler-Lagrange fundamen- 
tal equations of dynamics in a fractal and locally irreversible context. The first 
representation is the geodesic equation, dV /dt = 0, that is written in terms of 
the complex velocity field, V = V — iU and of the covariant derivative operator, 
d/dt — d/dt + V.V — iD/S.. The second representation is the Schrodinger equa- 
tion, whose solution is a wavefunction tp. Both representations are related by 
the transformation 

V = -2iX>VlnV'. (82) 

Let us now write the wavefunction under the form ■0 = \APx e'^, which amounts 
to decompose it in terms of a modulus \'ip\ = ^fP and of a phase 6. We shall now 
build a mixed representation, in terms of the real part of the complex velocity 
field, V, and of the square of the modulus of the wave function, P = \ip\^ . 

We separate the real and imaginary parts of the Schrodinger equation and 
make the change of variables from -0, i. e., (P, 0), to (P, V). Thus we obtain 
respectively a generalized Euler-like equation and a continuity-like equation [?] 



(83) 



(84) 

This system of equations is equivalent to the classical system of equations of 
fluid mechanics (with no vorticity), except for the change from a matter density 
to a probability density, and for the appearance of an extra potential energy 
term Q that writes 

Q = -2mI?2^^. (85) 

Vp 

The existence of this potential energy is, in the scale relativity approach, a 
very manifestation of the geometry of space, namely, of its nondifferentiability 
and fractality, in similarity with Newton's potential being a manifestation of 
curvature in Einstein's general relativity. It is a generalization of the quantum 
potential of standard quantum mechanics which is recovered in the special case 
2m2? = h |311 I32j . However, its nature was misunderstood in this framework, 
since the variables V and P were constructed from the wavefunction, which is 
set as one of the axioms of quantum mechanics, such as the Schrodinger equation 
itself. In contrast, in the scale relativity theory, it is from the very beginning 
of the construction that V represents the velocity field of the fractal geodesies, 
and the Schrodinger equation is derived from the equation of these geodesies. 

6.2 Derivation of the von Neumann postulate 

Some measurements are not immediately repeatable, for example when the en- 
ergy of a particle is measured by noting the length of the track it leaves on a 
photographic plate while slowing down. In contrast, the measurement of a given 
component Mi of the magnetic moment of an atom in a Stern-Gerlach experi- 
ment can be repeated immediately by passing the beam through another appa- 
ratus. In this case, we expect that if a particular value m„ has been obtained 
for the first measurement, the same value will be obtained in the second one. 
This is actually what is observed. Since the result of the second measurement 
can be predicted with certainty, von Neumann 34J has stated as a postulate 
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of quantum mechanics that, after a measurement, the state of the system is 
described by the eigenfunction ipn of Mi corresponding to the eigenvalue 7tt.„. 

In section [3] we have identified the wave particle with the various geometric 
properties (in position and scale space) of a subset of the fractal geodesies of 
a nondifferentiable space. This includes the properties of quantization, which 
are at the origin of the quantum and particle view of quantum mechanics and 
which are a consequence of the properties of its equations. In such an interpre- 
tation, a measurement (and more generally any knowledge acquired about the 
system, even not linked to an actual measurement) amounts to a selection of 
the sub-sample of the geodesic family in which only the geodesies having the 
geometric properties corresponding to the measurement result are kept. There- 
fore, just after the measurement, the system is in the state given by this result, 
in accordance with von Neumann's postulate of quantum mechanics. 

Such a state is described by the wavefunction or state function ip, which, 
in the present approach, is a manifestation of the various geometric proper- 
ties of the geodesic fluid, whose velocity field is V = —2i'DWlnip. Now, one 
should be cautious about the meaning of this selection process. It means that 
a measurement or a knowledge of a given state is understood, in the scale rela- 
tivity framework, as corresponding to a set of geodesies which are characterized 
by common and definite geometric properties. Among all the possible virtual 
sets of geodesies of a nondifferentiable space(time), these are therefore 'selected'. 
But it does not mean that these geodesies, with their geometric properties, were 
existing before the measurement process. Indeed, it is quite possible that the in- 
teraction involved in this process be at the origin of the geometric characteristics 
of the geodesies, as identified by the measurement result. Scale relativity does 
not involve a given, static space with given geodesies, but instead a dynamic 
and changing space whose geodesies are themselves dynamic and changing. In 
particular, any interaction and therefore any measurement participates in the 
definition of the space and of its geodesies. 

The situation here is even more radical than in general relativity. Indeed, in 
Einstein's theory, the concept of test particle can still be used. For example, one 
may consider a static space such as given by the Schwarzschild metric around 
an active gravitational mass M . Then the equation of motion of a test particle 
of inertial mass m <ti AI depends only on the active mass M which enters the 
Christoffel symbols and therefore the covariant derivative. This is expressed by 
saying that the active mass M has curved spacetime and that the test particle 
follows the geodesies of this curved spacetime. Now, when m can no longer be 
considered as small with respect to M, one falls into a two-body problem which 
becomes very intricated. Indeed, the motion of the bodies enters the stress- 
energy tensor, so that the problem is looped. The general solutions of Einstein's 
equations become extremely complicated in this case and are therefore unknown 
in an exact way. 

However, in scale relativity, even the one-body problem is looped. It is the 
inertial mass of the 'particle' itself whose motion equation is searched for, that 
enters the covariant derivative. This is indeed expected of a microscopic de- 
scription of a space(time) which is at the level of its own objects, and in which, 
finally, one cannot separate what is 'space' (the container) from what is the 
'object' (contained). In this case the geometry of space and therefore of the 
geodesies is expected to continuously evolve during the time evolution and also 
to depend on the resolution at which they are considered. 

The von Neumann postulate is a direct consequence of the identification of 
a 'particle' or of an ensemble of 'particles' with families of geodesies of a fractal 
and nondifferentiable spacetime. Namely, a quantized (or not quantized) energy 
or momentum is considered as a non-local conservative geometric property of 
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the geodesic fluid. Now, in a detection process the particle view seems to be 
supported by the localisation and unicity of the detection. But we consider that 
this may be a very consequence of the quantization (which prevents a splitting 
of the energy) and of the interaction process needed for the detection. For 
example, in a photon by photon experiment, the detection of a photon on a 
screen means that it has been absorbed by an electron of an atom of the screen, 
and that the geodesies are therefore concentrated in a zone of the order of the 
size of the atom. 

Any measurement, interaction or simply knowledge about the system can 
be attributed to the geodesies themselves. In other words, the more general 
geodesic set which served to the description of the system before the measure- 
ment or knowledge acquisition (possibly without interacting with the system 
from the view point of the variables considered) is instantaneously reduced to 
the geodesic sub-set which corresponds to the new state. For example, the vari- 
ous results of a two-slit experiment - one or two slits opened, detection behind a 
slit, detection by spin- flip that does not interact with the position and momen- 
tum which yields a pure 'which- way information', quantum eraser, etc [351 136] 
- can be recovered in the geodesic interpretation [31 H] . 

6.3 Derivation of the Born postulate 

As a consequence of the fluid interpretation, the probability for the 'particle' 
to be found at a given position must be proportional to the density of the 
geodesic fluid. We already know its velocity field, whose real part is given by V, 
identified, at the classical limit, with a classical velocity field. But the geodesic 
density g has not yet been introduced. In fact, we are, as regards the order of 
the derivation of the various 'postulates', in the same situation as during the 
historical construction of quantum mechanics. Indeed, the Born interpretation 
of the wavefunction as being complex instead of real and such that P = | ■0 P gives 
the presence probability of the particle JVli [38] has been definitively settled after 
the establishment of the other postulates. Here, we have been able to derive the 
existence of a wavefunction, the correspondence principle for momentum and 
energy and the Schrodinger equation without using a probability density. 

Now, we expect the geodesic fluid to be more concentrated at some places 
and less at others, to fill some regions and to be nearly vanishing in others, as 
does a real fluid. This behavior should be described by a probability density 
of the paths. However, these paths are not trajectories. They do exist as 
geometrical 'objects', but not as material objects. As an example, the geodesical 
line between two points on the terrestrial sphere is a great circle. It does exist 
as a virtual path, whether it is followed by a mobile or not. 

The idea is the same here. The geodesic fluid is defined in a purely geomet- 
rical way as an ensemble of virtual paths, not of real trajectories. Now, in a 
real experiment, one may emit zero, one, two, or a very large number of 'parti- 
cles', under the conditions virtually described by the geometric characteristics 
of space and of its geodesies, namely, fractal-nonfractal transition that yields 
the mass, initial and possibly final conditions (in a probability amplitude-like 
description a la Feynman), limiting conditions, etc. 

When the 'particle' number is small, the fluid density manifests itself in terms 
of a probability density, as in particle by particle two-slit experiments. When the 
'particle' number is very large, it must manifest itself as a continuous intensity 
(as the intensity of light in a two-slit experiment). But since, originally, the 
interferences are those of the complex fluid of geodesies (in a two-slit experiment 
when both slits are open), we expect them to exist even in the zero particle case. 
This could be interpreted as the origin of vacuum energy. 
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In order to calculate the probability density, we remark that it is expected 
to be a solution of a fluid-like Eulcr and continuity system of equations, namely, 

(86) 

^+div(ey) = 0, (87) 

where $ describes an external scalar potential possibly acting on the fluid, and 
Q is the potential that is expected to possibly appear as a manifestation of the 
fractal geometry of space (in analogy with general relativity). This is a system 
of four equations for four unknowns, (g, 14, K^, Vz)- The properties of the fluid 
are thus completely determined by such a system. 

Now these equations are exactly the same as equations ((83|) and ((84|) , except 
for the replacement of the square of the modulus of the wavefunction P — |^p 
by the fluid density q. Therefore this result allows us to univoquely identify 
P with the geodesic probability density, i. e., with the presence probability of 
the 'particle' [IHIUS]. Moreover, we identify the non-classical term Q with the 
new potential which emerges from the fractal geometry. Numerical simulations, 
in which the expected probability density can be obtained directly from the 
geodesic distribution without writing the Schrodinger equation, support this 
result [55] . 

We have seen in section [5] that this interpretation requires that the sum 
of the contributions |-0p for all values of {r.,s) at time t be finite, i. e., the 
physically acceptable wavefunctions are square integrable. Now, the linearity 
of the Schrodinger equation implies that if two wave functions V'l a-nd '^2 are 
solutions of this equation for a given system, c\i\}\ ~\- C2V'2, where c\ and ci are 
any complex numbers, is also a solution. From both these properties we can 
define, such as done in the standard framework of quantum physics, the space 
of the wavefunctions of a given physical system which can be provided with the 
structure of a vectorial Hilbert space (see, e. g., pD]). 

Remark that the above proof of the Born postulate relies on the general 
conditions under which one can transform the Schrodinger equation into a con- 
tinuity and fluid-like Euler system. By examining these conditions in more 
detail it is easy to verify that it depends heavily on the form of the free particle 
energy term in the Lagrange function, p^ /2m. In quantum-mechanical terms, 
this means that it relies on the free kinetic energy part of the Hamiltonian, 
T = —{lT?/2ra)/S.. In particular, one finds that the quantum potential writes in 
terms of this operator 



/p 

As we have argued in section [5l this form of the work operator is very general 
since it comes from motion relativity itself (in the non-relativistic limit w <C c 
that is considered here). However, if there existed some (possibly effective) 
situations in which this form would no longer be true, the derivation of equa- 
tions ([55]) and (IM)) would no longer be ensured and the Born postulate would 
no longer hold in the scale relativistic framework. This could yield a difference 
between theoretical predictions of the scale relativity theory and those of stan- 
dard quantum mechanics, for which the Born postulate P = jV-'P is always true, 
and therefore this could provide us with a possibility to put both theories to 
the test. 
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7 Miscellaneous issues 

7.1 Differentiable or nondifferentiable wavefunction 

We have seen in section [5] that one of the properties initially postulated for the 
wavefunction is that it should be differentiable. The linear second order differen- 
tial Schrodinger equation established in section H] admits of course differentiable 
solutions. Therefore the postulated property is recovered for the wavefunction 

However, we have seen that scale relativity allows one to derive a general- 
ized Schrodinger equation whose solutions can be nondifferentiable (they are 
described as explicitly scale-dependent fractal functions that diverge when the 
scale interval tends to zero) , therefore extending the possible application domain 
of quantum mechanics and possibly providing future interesting laboratory tests 
of the predictions of the new theory. Such a result agrees with Berry's [5] and 
Hall's [7] similar findings obtained in the framework of standard quantum me- 
chanics. 

7.2 Spin, charges and relativistic quantum mechanics 

In the above derivations, we have, for simplification purpose, limited ourselves 
to the non-relativistic case (in the sense of motion relativity) and to the spin- less 
case. 

However, the tools that lead to derive the various postulates of non-relativistic 
quantum mechanics from the geodesies of a fractal space can easily be general- 
ized to the relativistic case, which amounts to consider a full fractal spacetime 
[UIlHlIlO]. One derives in this case the Klein-Gordon equation and, more gen- 
erally, the Dirac equation [Sj [18] . 

We have indeed demonstrated in previous works [IHl [321 that spin arises 
naturally in the framework of scale relativity when one takes into account, in 
addition to the symmetry breaking under the reflexion dt <-!■ —dt, a new sym- 
metry breaking under the discrete transformation dx^ <-> — dx^, which also 
emerges as a direct consequence of nondifferentiability. Moreover, the standard 
quantum-mechanical properties of spin are thus recovered. In particular, its 
eigenvalues for the electron, ±ft/2, proceed from the bi-spinorial nature of its 
wavefunction, which is a consequence of the additional two valuedness of the 
velocity field of geodesies that comes from the new discrete symmetry breaking. 
Then one finds that the geodesic equation for this velocity field can be integrated 
under the form of the Dirac equation [18 . The Pauli equation has also been 
derived in the scale relativity framework and, even though it comes under the 
non-relativistic part of the theory, we have shown that, as in standard quantum 
mechanics, the origin of spin in this equation is fundamentally relativistic [39j . 

Electromagnetic (Abelian) 40] and non-Abelian fields and charges may also 
be founded in a geometric way on the principles of scale relativity. We refer the 
interested reader to [H] . 

7.3 Quantum mechanics of many identical particles 

The fractal and nondifferentiable space(time) approach of scale relativity allows 
one to recover easily the many identical particle Schrodinger equation and to 
understand the meaning of the non-separability of particles in the wavefunction 
[4] . The key to this problem lies clearly in the fact that the wavefunction is noth- 
ing but another expression for the action, itself being complex as a consequence 
of the nondifferentiable geometry of space. 
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The fact that the motion of n particles in quantum mechanics is irreducible 
to their classical motion, i. e., it cannot be understood as the sum of n individ- 
ual motions but must be instead taken as a whole, agrees with our identifica- 
tion of 'particles' with the geometric properties of virtual geodesies in a fractal 
space(time). Being reduced to these geometrical properties, identical 'particles' 
become totally indiscernible. Since, in this framework, they are nothing but 
an ensemble of purely geometrical fractal 'lines', there is absolutely no existing 
property that could allow one to distinguish between them. 

Recall, moreover, that these lines should not be considered in the same way 
as standard nonfractal curves. They are defined in a scale relative way, i. e., 
only the ratio from a finite scale to another finite scale does have meaning, 
while the zero limit, dt — > and dx — > 0, is considered to be undefined. As a 
consequence, the concept of a unique geodesical line loses its physical meaning. 
Whatever be the manner to unfold them or to select them and whatever the 
scale, the definition of a 'particle' always involves an infinity of geodesies. Now, 
it is also clear that the ensemble of geodesies that describes, e. g., two 'particles', 
is globally different from a simple sum of the geodesic ensemble of the individual 
'particles'. This is properly described by the wavefunction '0(a;i,a;2) (where xi 
and X2 are the position vectors of the two 'particles'), which is the solution of 
the Schrodinger equation, from which one can recover the velocity fields of the 
'particles', Vi = —i{h/m)Vihi'4) and V2 = — i(?i/m)V2 In^'- 

8 Discussion 

In the first part of this paper (section [2]), we have proposed a classification of 
the different statements which can be found in the literature as postulates of 
quantum mechanics. We retain five 'main' postulates as being the fundamental 
assumptions from which 'secondary' postulates can be demonstrated. Three 
derived principles are also recalled for completeness. 

Then we have shown that the 'main' postulates can be derived from the 
founding principles of scale relativity. The complex nature of the wavefunction is 
issued from the twovaluedness of the velocity field which itself is a consequence of 
space(time) nondifferentiability. The Schrodinger equation follows as being the 
integral of a geodesic equation in a fractal space. The correspondence principle is 
derived from the covariance of the construction and the basic symmetries which 
therefore hold in this framework. Then, we have recovered Born's postulate 
from the fluid-like nature of the velocity field of geodesies. Von Neumann's 
postulate and its corollary reduction of the wavefunction is also a consequence 
of the nature of the geodesic fluid and of the identification of the 'particle' with 
the various geometric properties of the fractal geodesies. 

To complete this reconstruction of the quantum-mechanical bases, we have 
chosen to work within the coordinate realization of the state function, since it is 
in this representation that the scale relativistic formulation is the most straight- 
forward. However, since we have demonstrated that the wavefunctions can be 
defined as vectors of an Hilbert space and that to each classical dynamical quan- 
tity can be attached an Hermitian operator acting in such a space, the standard 
quantum-mechanical formalism is recovered and a switch to momentum space 
as well as to a Dirac representation can be implemented by the same methods 
as those used in this standard framework. 

For readability purpose, we have also limited, in this paper, our consideration 
to operators which are constructed with the position and momentum ones and 
we have referred the reader in section FO to previous works for the study of other 
internal or external observables such as those yielding spin, electromagnetic and 
non-Abelian charges. 
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We want finally to stress that, owing to the fluid- like interpretation per- 
taining to the scale relativity space(time) description, any geodesic bundle of 
such a fractal space(tinie) relating any couple of its points (or starting from any 
point) always contains an infinity of geodesies and fills space like a fluid, there- 
fore allowing one to directly relate the velocity field of this geodesic fluid to the 
wavefunction. Moreover, each one of the 'individual' geodesical curves partici- 
pating in this bundle is itself resolution dependent and is actually undefined at 
the limit dt ^ and dx —* 0, i. e., it is a fractal curve irreducible to a standard 
curve of vanishing thickness (section E|) . These two non-classical features show 
that the scale relativistic description owns at a fundamental level the properties 
of non-locality and unseparability which underlie quantum-mechanical specific 
features such as entanglement. Moreover, since the ultimate fractal space(time), 
for which the resolution dt vanishes, is unreachable (and therefore the complete 
distribution of the stochastic variables d^ is unknown, only the two first moments 
are defined), this precludes the possibihty of considering the scale relativistic 
construction of quantum mechanics as a hidden parameter theory. 

Actually, such a description in terms of an infinity of fractal and nondif- 
ferentiable paths is a continuation of Feynman's attempts to come back to a 
spacetime approach to quantum mechanics, which culminated in his path inte- 
gral formulation [13]. Such a filiation is also claimed by Ord in his own fractal 
spacetime description [5]. Feynman's path integral decomposes the wavefunc- 
tion in terms of the sum over all possible paths of equiprobable elementary 
wavefunction e ■'', where Sd is the classical action. As explained by Feynman 
and Hibbs, 'the sum over paths is defined as a limit, in which at first the path is 
specified by giving only its coordinate x at a large number of specified times sep- 
arated by very small intervals e. The path sum is then an integral over all these 
specific coordinates. Then to achieve the correct measure, the limit is taken as 
e approaches zero' ([I], p. 33). It therefore involves explicitly in its estimate 
the use of a scale variable e, which is just the basic method of scale relativity. 
Now, most of these paths are nondifferentiable, and the same is true of those 
which contribute mainly to the path integral (as recalled in the introduction). 
Indeed, the problem with the standard path integral approach is that some of 
the fundamental properties of the paths diverge when taking the limit e — > 0, 
in particular the mean-square velocity which reads —h/{imAt) ( 1 , p. 177). 
In scale relativity the problem is solved by simply not taking the limit (limit 
which is actually physically meaningless) and by defining the mean-square ve- 
locity as an explicitly scale-dependent fractal function of At. This allows us to 
work with quantities that are infinite in the standard sense, then to go one step 
deeper, and to consider these paths, no longer as fractal and nondifferentiable 
trajectories in standard spacetime, but as geodesies of a spacetime which itself 
is nondifferentiable and fractal. Particles can then be defined by the geometry 
of the paths themselves. One no longer needs to carry anything along them 
(not even an elementary wavefunction with unit probability), since the whole 
wavefunction, including its modulus and its phase, can be constructed from the 
fiow of geodesies itself. 

Let us now continue the discussion by comparing the scale relativity ap- 
proach with other approaches to the foundation of quantum mechanics. In this 
respect, we remark that the various attempts that have been made to interpret 
it while keeping classical concepts are unsatisfactory. Four of these attempts 
are worth being examined in the present context. 

In the 'quantum potential' approach of de Broglie [H] and Bohm (32] the 
particle trajectories are deterministic and the statistical behaviour is artificially 
introduced by assuming that the initial conditions are at random. The physi- 
cal origin of the 'quantum force' that produces quantum effects remains unex- 
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plained. 

In 'stochastic quantum mechanics' [?], it is assumed that an underlying 
Brownian motion, of unknown origin, is at work on every particle. This Brow- 
nian force induces a Wiener-like process which is at the origin of the quan- 
tum behaviour. To derive the Schrodinger equation, Nelson |49j defines two 
diffusion processes yielding a so-called 'forward Fokker-Planck equation' and a 
'backward Fokker-Planck equation'. However, it has been shown that the 'back- 
ward Fokker-Planck equation', which is set as a founding equation for stochastic 
quantum mechanics, does not actually correspond to any known classical process 
[50] . Moreover, it has also been shown that the quantum- mechanical multitime 
correlations do not agree, in general, with the stochastic-mechanical multitime 
correlations when the wavefunction reduction is taken into account [51j . Both 
demonstrations preclude the possibility of obtaining a classical difi'usion theory 
of quantum mechanics. 

In 'geometric quantum mechanics' [52|l53j. the quantum behaviour is found 
to be a consequence of an underlying Weyl geometry, and the statistical de- 
scription is obtained by the same postulate of random initial conditions as that 
pertaining to the 'quantum potential' approach. Then 'the theory does not de- 
scribe the motion of an individual particle; rather it describes the statistical 
behaviour of an ensemble of identical particles' [S2|, so that it is not able to 
yield a probabilistic description emerging from the processes affecting individ- 
ual systems, as demanded by Einstein [SI]. As shown by Castro [SS], the Bohm 
quantum potential equation is recovered, rather than set, from a least-action 
principle acting on the Weyl gauge potential. Such an approach may be partly 
related to ours, since Weyl's geometry is closely related to conformal transfor- 
mations which include dilations that are part of the scale transformation set. 
But this geometry and its non-Abelian generalization, once it is reinterpreted in 
the scale relativity framework, is expected to act at the level of the emergence 
of gauge fields rather than of the quantum behavior itself [41j . 

More recently, Adler and coworkers (see [56] and references therein, and 
[57] ) developed the idea that quantum mechanics might be an emergent phe- 
nomenon arising from the statistical mechanics of matrix models which have a 
global unitary invariance. This proposal, called 'trace mechanics', leads to the 
usual canonical commutation/anticommutation algebra of quantum mechanics, 
as well as to the Heisenberg time evolution of operators, which in turn imply the 
usual rules of the Schrodinger picture. However, as stressed by the proponents 
themselves, they are not able at this point to give the specific theory that obeys 
all the required conditions. They even contemplate the possibility that there 
might be no trace-mechanical theory satisfying all the quantum-mechanical pre- 
scriptions. We must therefore consider this 'theory' as tentative and wait for 
possible improved developments. 

Another related subject worth to be discussed in this context is the ques- 
tion of the mathematical tools that could be best adapted to study possible 
generalizations of quantum-mechanical laws. The scale relativity tools allowing 
to found the quantum mechanics postulates are fundamentally geometrical and 
relativistic in their essence: namely, the basic concepts are nondifferentiable 
spacetime, geodesies and covariant derivatives. Now, in order to implement 
these purely geometric concepts, we have been naturally led to introduce com- 
plex numbers [3] , then quaternionic and biquaternionic numbers |181 139] , and 
then multiplets of biquaternions j41] . This introduction comes as a mere simpli- 
fying representation of the successive two valuednesses of variables which are a 
consequence of the nondifferentiable geometry itself. This relates the scale rela- 
tivity approach to other various attempts of generalizations of the mathematical 
tool of quantum mechanics, in particular by the use of Clifford algebras. 
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Hence, following a proposal first put forward by Nottale [TO], Castro and 
Mahecha [SS] adopted a complex-valued constant V, which they interpreted in 
the quantum realm as a complex reduced Planck constant H. Using the for- 
malism of scale relativity, they obtain a new nonlinear Schrodinger equation, 
where the potential and the reduced Planck constant are complex. Despite 
having non-Hermitian Hamiltonian, contrary to what we have obtained above 
with a real-valued h, they still can have eigenfunctions with real-valued ener- 
gies and momenta, like plane waves and soliton solutions. Such an approach 
is faced with the problem of finding a geometric interpretation of a complex 
diffusion coefhcient and of a complex Planck constant, and it therefore awaits 
a physical domain of application; otherwise it may be considered as an ad-hoc 
mathematical generalization ,27j . 

In this context, it should be stressed again that, contrary to stochastic ap- 
proaches, in scale relativity, the fractal geodesies are not trajectories followed 
by 'particles' (which would own internal properties such as mass, spin, charge, 
etc), but they are purely geometric paths (fractal and in infinite number) from 
which the wave particle's conservative quantities emerge. For example, the 
mass is a manifestation of the fractal fluctuations, namely, m = hdt/ <d^^>; 
the energy-momentum is given by the transition from scale dependence to ef- 
fective scale independence in scale space, identified with the de Broglie scale, 
namely, p^ = h/X^; the spin is an intrinsic angular momentum of the fractal 
geodesies [52]; the charges are the conservative quantities that appear, accord- 
ing to Noether's theorem, from their internal scale symmetries [H HI]. The 
existence of quantas, upon which the concept of 'particle' is based, is just a 
consequence of the quantization of these geometric properties, which itself is 
derived from the properties of the geodesic equations (which can be integrated 
in terms of the standard quantum-mechanical equations after change of vari- 
able). Furthermore, the scale-dependent part of the elementary displacement is 
described by a stochastic variable which is not mandatorily Gaussian. This is 
just the strength of the scale relativity approach that the description of the frac- 
tal fluctuations is fully general and needs no special hypothesis for recovering the 
quantum-mechanical tools and equations. Thus quantum mechanics appears, 
in this framework, as a general manifestation of any kind of nondifferentiable 
spacetime, not of a particular one. 

In another work, still following a proposal by Nottale "TO] consisting of re- 
placing the real-valued constant I? by a tensor 'Djk (which still allows us to 
obtain a Schrodinger equation of a generalized form) Castro [59j derived new 
Klein-Gordon and Dirac equations with a matrix-valued extension of Planck's 
constant in Clifford space. However, the results of this work yield modified 
products of (Heisenberg) uncertainties and modified dispersion relations in con- 
tradistinction to what occurs in ordinary quantum mechanics. According to the 
author himself, these results might only apply at very small scales, near the 
Planck scale, e. g., in the framework of a quantum theory of gravity. This is 
very far from our own purpose which is here to recover the axioms of standard 
quantum mechanics from physical first principles, in a way which is expected to 
be valid at the accessible scales of molecular, atomic, nuclear and elementary 
particle physics. 

Another work by Adler [60j gives a systematic development of quatcrnionic 
quantum mechanics paralleling the standard textbook treatments of complex 
mechanics, with the wavefunction complex values replaced by quatcrnionic ones. 
His purpose is twofold: to get a better understanding of the theory by adding 
a new mathematical realization to the ones already available and to aim at a 
successful unification of the fundamental forces which might require a general- 
ization beyond complex mechanics. However, differently from our scheme, Adler 
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did not derive the axioms of quantum mechanics from his reasoning, but actu- 
ally set these axioms as his founding principles and showed that the quaternions 
were compatible with them to justify their use. 

9 Conclusion 

Finally, we remark that, as regards the scale relativity theory and despite its 
successes, we cannot yet claim that it allows us to found the true quantum 
mechanics which is really experimented in nature. This would be actually im- 
possible (and this impossibility also applies to the present axiomatic theory of 
quantum mechanics), since all we can do is to attempt to falsify the theory 
by experiments. Moreover, the fact that we recover the postulates of standard 
quantum mechanics does not prove that some other consequences of the found- 
ing principles of the scale relativity theory could not contradict them. If such 
inconsistencies were to appear, either they could be at variance with already 
known experimental results, in which case they would rule out the theory in its 
present form, or, more interestingly, they could be used to put the new theory 
(and also standard quantum mechanics) to the test. 

Let us conclude by listing some original features of the scale relativity ap- 
proach that have been pointed out in this paper or in other complementary 
works (see the review papers [351 112] )j and which could lead to such exper- 
imental tests in the future: (i) nondifferentiable and fractal solutions of the 
Schrodinger equation; (ii) zero particle interference in a Young slit experiment; 
(iii) breaking of the Born postulate for a possible effective kinetic energy oper- 
ator T ^ —(Jt? /2m)/S.] (iv) underlying quantum regime in the classical domain, 
at scales far larger than the de Broglie scale; (v) macroscopic systems described 
by a quantum-type mechanics based on a generalized parameter T) ^ h/2m] (vi) 
quantum- mechanical systems with a fractal dimension different from Dp — 2. 
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